Abstract -Superconducting radio frequency cavities used for accelerating charged particle beams are commonly used in accelerator facilities around the world. The design and optimization of modern superconducting RF cavities requires intensive numerical simulations. Vast number of operational parameters must be calculated to ensure appropriate functioning of the accelerating structures. In this study, we primarily focus on estimation and behavior of higher order modes in superconducting RF cavities connected in chains. To calculate large RF models the state-space concatenation scheme, an efficient hybrid method, is employed.
INTRODUCTION
In the elliptical cavities discussed in this work, used to accelerate electron beams, the higher order modes (HOMs) have frequencies higher than the fundamental accelerating mode. Charged particle beams traversing such cavities spend part of their energy. The lost energy is manifested in form of electromagnetic resonant HOMs characteristic of a given cavity. Due to low intrinsic losses in superconducting radio frequency (SRF) cavities, the HOMs decay very slowly and interact destructively with the beam. Thus, it is crucial to dampen HOMs to ensure beam stability.
The main factor determining the behavior of HOMs is the shape of constituent elliptical cells of the cavity. These intrinsic resonant modes undergo certain changes when the cavity is connected to ancillary parts like beam-pipes, transitions, bellows and couplers. All elements in the vicinity of the end-cells of the cavity have influence on the HOM spectrum. Furthermore, HOMs that can propagate through the cavity have serious implications on other cavities that are farther away up-or downstream. In such case the whole chain of cavities ( Fig. 1) has to be modelled in order to obtain meaningful results.
The analysis of HOMs in large SRF structures is discussed on an example of two and four cavities connected in chains. Cavities operating at two different accelerating frequencies of 1.5 GHz and 1.75 GHz are investigated. The choice of cavities operating at 1.5 GHz and 1.75 GHz frequencies is based on ongoing studies of possible designs for a planned upgrade of the variable pulse-length storage ring (BESSY-VSR) at Helmholtz-Zentrum Berlin [1] .
SIMULATIONS

Cavity Models
The model of a single SRF cavity discussed in this work is based on a design previously studied in [2, 3] . In Fig. 1 , an example model of a chain of 1.5 GHz and 1.75 GHz cavities is shown. The model of a cavity consists of five cells, which can be separated into three mid-cells and two end-cells. The end-cells have slightly different geometric parameters than mid-cells, usually the length or/and the equator radius of the end-cells. This arises from a tuning procedure which must ensure that the cavity operates at a specific frequency. In this study the end-cells were tuned by adjusting the equator radius. The mid-cell design is similar to one used in [2] , only scaled to operate at 1.5 GHz and 1.75 GHz. The cavity is connected to beam-pipes with a spline-nose, which serves as a smooth transition between circular cross-section of the iris of the end-cell and the circular beam-pipe. The beampipe radius is 55 mm in all models. The iris radius is 31.2 mm and 26.74 mm for 1.5 GHz and 1.75 GHz cavities, respectively. Three-fold rectangular waveguide HOM couplers are attached to the • spacing. In every cavity one of the waveguide HOM couplers is replaced with a coaxial input coupler. On both sides of the cavity, the end-sections with waveguide HOM couplers are rotated by 180
• with respect to each other. The rectangular HOM waveguide couplers have a width of 80 mm and height of 40 mm. In this study single 1.5 GHz and 1.75 GHz cavities as well as chains of these cavities were investigated. For the chains of cavities two cases were studied. The first case is a chain of two cavities, 1.5 GHz and 1.75 GHz, where the second case is a chain of four cavities, two 1.5 GHz and two 1.75 GHz, placed alternately.
Estimation of External Quality Factors
To characterize the HOMs the external quality factors (Q ext ) were calculated for all cases in frequency range from 1.4 GHz to 3.5 GHz. External quality factor of a mode is defined in a following manner
where f ν is the resonance frequency of a given mode ν, W ν the total energy stored in the mode and P ext,ν the external losses through waveguide ports. The Q ext factors describe how long the excited HOMs ring inside the SRF cavity. The higher the Q ext value is the longer it takes to dissipate the energy associated with that HOM through external ports. Two computational methods were used to estimate Q ext values of HOMs. Simulations were performed with CST Microwave Studio R (MWS) [4] , a 3D electromagnetic simulation software, and space-state concatenation scheme (SSC) [5] . The SSC scheme allows to dramatically reduce the computational effort needed to compute long and complicated RF structures. It has been previously applied with great success to long chains of four third harmonic SRF cavities operating at 3.9 GHz [6] .
To obtain Q ext values of HOMs using MWS, in chains consisting of two and four cavities as well as in single cavities, the fast reduced order model (FMOR) frequency domain solver was used in combination with vector fitting (VF) [7, 8, 9] of Sparameter transmission spectra. In case of single cavities the S-parameter transmission spectra from the coaxial input coupler to one of the rectangular waveguide couplers on the opposite side of the cavity were chosen. In case of two and four cavities in a chain the S-parameter spectra from the first coaxial input coupler to the last up-stream coaxial input coupler were selected. The S-parameter spec- tra used to estimate Q ext values in frequency range from 1.4 GHz to 3.5 GHz are shown in Fig. 2 . The frequency range was chosen such to include first eight passbands of the 1.75 GHz cavity. For the 1.5 GHz cavity in this frequency range there are many more passbands comprised. The bands of interest which this study is focusing on are: The first transverse magnetic (TM) monopole which contains the fundamental accelerating π-mode, see Table 1; the first transverse electric (TE) dipole; the second TM dipole; and the second TM monopole. The first TE and second TM dipole, as well as the second TM monopole bands have huge impact on the charged particles beam. These modes contribute to so-called coupled beam instabilities [10] , thus it is essential to lower their Q ext values. The frequency ranges of the bands of interest are summarized in Table 1 Qext values can be contributed to different meshes used for VF and SSC, tetrahedral and hexahedral, respectively.
HIGHER ORDER MODES IN CHAINS
OF SRF CAVITIES Figure 3 shows a comparison of the Q ext values calculated with three different methods, eigenmode solver, VF and SSC, for single 1.5 GHz and 1.75 GHz cavities. It can be seen that the three methods provide similar results. The main difference is the Q ext of modes in both fundamental TM monopole bands, which are higher in case of VF. This arises from the fact that in both, eigenmode and SSC calculations, the wave impedance of the port-modes is estimated at a different frequency than in the case of frequency domain simulations. Additionally, it can be noticed that the Q ext factors of the fundamental 1.75 GHz passband are one order of magnitude lower than for the fundamental 1.5 GHz passband (Fig. 3) . This is an effect of evanescent coupling to the waveguide ports, and can be negated by either using smaller width and height of HOM waveguide couplers in the vicinity of the 1.75 GHz cavity or by extending the length of the waveguides. In the models used in this work the waveguide length was shortened to reduce number of mesh cells, thus reducing the computational effort. To obtain viable results for the fundamental bands, one must ensure proper distance of the microwave ports from the cavities. The simulations of single cavities, as well as of the chains were performed with open beam-pipes at both ends, i.e. microwave port boundary conditions were used. As expected, the resulting Q ext of some modes were higher for chains of cavities than for single cavities (Fig. 4) . It can be clearly seen on an example of the overlapping 1.5 GHz and 1.75 GHz dipole passbands in the frequency range from 1.8 GHz to 2.6 GHz. Some of the Q ext values for the chain of four cavities are higher than for the chain of two cavities. These Q ext factors correspond to the cavities that are in between the outer cavities. Hence, these are the worst case scenario Q ext values. In future studies the beam-pipes attached to the outer cavities should also be closed to provide more realistic results.
The results obtained with SSC method overlap with the ones obtained using VF, as presented in Fig. 4 and Fig. 5 . Some additional modes occur in Fig. 3 , that were not detected with VF. Overall validation, by comparison of Q ext results, of the SSC scheme to well established methods was successful. It shows that both methods are viable to calculate Q ext of HOMs for long and complicated RF structures. However, the SSC method provides superior computational performance, while simultaneously calculating eigenmodes and S-parameters. The four chain cavity model in MWS was discretized using 450k mesh cells, and it took 81 hours to compute and 1 hour to post-process with VF. While, using the SSC scheme the model was discretized with 2.39 million mesh cells and it took around 3 hours to compute, including post-processing.
